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In this paper we consider the existence of a local solution in time to a weakly damped
wave equation of Kirchhoff type with the damping term and the source term:
utt(t)− M
(∥∥tu(t)∥∥2)u(t)+ γ2ut(t)+ ∣∣ut(t)∣∣put(t) = ∣∣u(t)∣∣qu(t),
x ∈ Ω, p > 0, q > 0, γ2 > 0
with an initial value u(0) = u0, ut(0) = u1 and the Dirichlet boundary condition
u(t, x)|∂Ω = 0, where Ω is an open bounded domain in RN with smooth boundary and
M(s) is a locally Lipschitz function. We also discuss the global existence and exponential
asymptotic behaviour of solutions.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let Ω ⊂ RN be an open bounded domain in RN with smooth boundary ∂Ω . In this paper we are concerned with
the existence and the asymptotic behaviour of weak solutions to a weakly damped wave equation of Kirchhoff type with
nonlinear damping and source terms:{
utt(t)− M
(∥∥u(t)∥∥2)u(t)+ γ2ut(t)+ ∣∣ut(t)∣∣put(t) = ∣∣u(t)∣∣qu(t),
u(0) = u0, ut(0) = u1, u(t)|∂Ω = 0, p,q > 0, γ2 > 0,
(1.1)
where M(r) is a nonnegative locally Lipschitz function in r  0 and  =∑∂2/∂x2i is a Laplace operator. This equation has
its origin in the nonlinear vibration of an elastic string. It is said that (1.1) is nondegenerate if there exists an m0 > 0 such
that M(r)m0 for all r  0. If there exists a point r0  0 such that M(r0) = 0, then it is said that (1.1) is degenerate. It is
well known that Kirchhoff ﬁrst investigated the following nonlinear vibration of an elastic string for f = g = 0:
ρh
∂2u
∂t2
+ δ ∂u
∂t
+ g
(
∂u
∂t
)
=
{
ρ0 + Eh
2L
L∫
0
(
∂u
∂x
)2
dx
}
∂2u
∂x2
+ f (u),
for 0< x< L, t  0, where u(x, t) is the lateral displacement, E the Young modulus, ρ the mass density, h the cross-section
area, L the length, p0 the initial axial tension, δ the resistance modulus, and f and g the external forces. The above equation
is described by the second order hyperbolic equation (1.1) and it is seemed to be important and natural that the equation
with external forces is considered for analysing phenomena in real world.
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type of wave equations with nonlinearities. Levine [11,12] considered existence and asymptotic behaviour of solutions to
the following wave equation with nonlinear source term:{
utt(t)−u(t)+ γ2ut(t) =
∣∣u(t)∣∣qu(t), q > 0, γ2 > 0,
u(0) = u0, ut(0) = u1, and u|∂Ω = 0.
Georgiev and Todorova [6] considered the existence of a unique local solution and the suﬃcient condition for blown up of
solutions to the following wave equation with the nonlinear damping term and source term:{
utt(t)−u(t)+
∣∣ut(t)∣∣put(t) = ∣∣u(t)∣∣qu(t), p,q > 0,
u(0) = u0, ut(0) = u1, and u|∂Ω = 0.
They also proved if the relation p  q holds, then the solution exists globally for any initial value (see also [9]).
We note that many authors [7,8,10,15–17] have considered wave equations of Kirchhoff type. In this paper we are
concerned with weakly damped wave equations with nonlinearities. Let A = − with D(A) = H10(Ω) ∩ H2(Ω) and
D(A
1
2 ) = H10(Ω). Then the operator A is a self-adjoint and positive operator. Ono [17] considered the following weakly
damped wave equation of Kirchhoff type{
utt(t)− M
(∥∥u(t)∥∥2)u(t)+ γ2ut(t) = ∣∣u(t)∣∣qu(t), q > 0, γ2 > 0,
u(0) = u0, ut(0) = u1, and u|∂Ω = 0
and proved the following theorem:
Theorem 1. Let the initial data {u0,u1} ∈ D(A) × D(A 12 ) and assume that M(‖u0‖2) > 0. If q satisﬁes 0 < q  2N−4 (N  5), then
there exists a unique local weak solution.
The purpose of this paper is to generalise the existence theorem of local solutions due Ono. In other words we prove the
existence of local solutions to weakly damped degenerate wave equations of Kirchhoff type (1.1) with nonlinear damping
and source terms.
The contents of this paper are as follows. In Section 2 we give Preliminaries. In Section 3 we consider the existence of
a local solution in time. In Section 4 we consider the exponential asymptotic behaviour of the energy E(t) of a solution
with a small initial value (u0,u1). In Section 5 we discuss the existence of a global solution to (1.1).
2. Preliminaries
Throughout this paper we denote by H the real separable Hilbert space L2(Ω) with norm | · |2 and inner product (·,·).
We use the next notations:
(u, v) =
∫
Ω
uv dx,
‖u‖2 =
∫
Ω
|∇u|2 dx,
|u|p =
(∫
Ω
|u|p dx
) 1
p
(0< p < ∞),
Mm(s) =
s∫
0
M(τ )dτ .
In this paper we will use the next well-known lemmas:
Lemma 1 (Poincaré). If 2 k 2N/(N − 2), then there exists a constant c∗ = C(Ω,k) such that
|u|k  c∗‖u‖
for any u ∈ H10(Ω).
Lemma 2 (Sobolev). (See [13, Theorem 2.17].) Let 0  j < k, 1  α,β < ∞. Put m0 := 1α − k− jN . Then the following embedding is
continuous:
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m0
,
Wk,α(Ω) ⊂ W j,β(Ω) if m0 = 0, where β  1.
Lemma 3 (Gagliardo–Nirenberg). Let 1  r < p  +∞ and 2  p. Then there exists a constant c∗ > 0 such that for u ∈ Hm(Ω) ∩
Lr(Ω) the following inequality holds:
|u|p  c∗|u|θWm,2 |u|1−θr ,
where
θ =
(
1
r
− 1
p
)(
1
r
+ m
N
− 1
2
)−1
provided that 0< θ  1 (0< θ < 1 if m − N2 is a nonnegative integer).
Lemma 4 (Modiﬁed Gronwall inequality). Let φ and g be nonnegative functions on [0,+∞) satisfying
0 φ(t) K +
t∫
0
g(s)φ(s)r+1 ds
with K > 0 and r > 0. Then
φ(t)
{
K−r − r
t∫
0
g(s)ds
}− 1r
as long as the right-hand side exists.
3. Existence of local solutions
In this section we prove the existence of the local solution to the wave equation of Kirchhoff type (1.1) for any initial
value (u0,u1) ∈ (H10(Ω) ∩ H2(Ω)) × H10(Ω). For proving the main theorem we need the local existence and uniqueness of
the solution to the following wave equation:{
utt(t)− M
(∥∥ϕ(t)∥∥2)u(t)+ γ2ut(t)+ ∣∣ut(t)∣∣put(t) = ∣∣u(t)∣∣qu(t),
u(0) = u0, ut(0) = u1, u(t)|∂Ω = 0, p,q > 0, γ2 > 0,
(3.1)
where ϕ : [0, T ] → H10(Ω) is a continuous function. So we ﬁrst prove the existence and uniqueness of the local solution
to (3.1). Let {wk}∞k=1 be a completely orthonormal system in L2(Ω) with wk ∈ H10(Ω)∩ H2(Ω). Set
un(t) =
n∑
k=1
φnk(t)wk,
where φnk(t) are determined by the next ordinary differential equation(
untt(t),wk
)= (M(∥∥ϕ(t)∥∥2)un(t),wk)− γ2(unt (t),wk)
− (∣∣unt (t)∣∣punt (t),wk)+ (∣∣un(t)∣∣qun(t),wk), k = 1,2, . . . ,n,
with an initial value un(0) = un0 and unt (0) = un1, where un0 :=
∑n
k=1(u0,wk)wk and un1 :=
∑n
k=1(u1,wk)wk , where u0
and u1 are such that |∇u1|2 < ∞, |u0|2 < ∞. We note that un0 converges strongly to u0 in H10(Ω) ∩ H2(Ω) and un1
converges strongly to u1 in H10(Ω), and furthermore |un0|2  |u0|2 and |∇un1|2  |∇u1|2. Then it holds that for any given
v ∈ Span{w1,w2,w3, . . . ,wn}{(
untt(t)− M
(∥∥ϕ(t)∥∥2)un(t)+ γ2unt (t)+ ∣∣unt (t)∣∣punt (t), v)
= (∣∣un(t)∣∣qun(t), v). (3.2)
In this section c > 0 and c∗ > 0 denote a various positive constant which changes from line to line and are independent of
natural number n and depends only (possibly) on the initial value. We prove by the Galerkin method the following lemma
on the existence and uniqueness of local solution to (3.1) in time.
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entiable function ϕ(t) satisﬁes ϕ(0) = u0 , ϕ′(0) = u1 . Assume that the following condition (A1) is satisﬁed:
0< p  2
N − 2 and 0< q
2
N − 4 if 5 N,
0< p  2
N − 2 and 0< q if 3 N  4,
0< p, 0< q if N = 2.
Then there exists a time T0 = T0(u0,u1,m1,m2,m3) > 0 such that if there exist m1,m2,m3 > 0 and T > 0 satisfying ‖ϕ(t)‖m1 ,
‖ϕ′(t)‖m2 and M(‖ϕ(t)‖2)m3 > 0 for all t ∈ [0, T ], then there exists a unique local weak solution in time u(t) to (3.1) with the
initial value (u0,u1) on [0, T0], where T0  T satisfying
u(t) ∈ C([0, T0] : H10(Ω))∩ Cw([0, T0] : H2(Ω)),
ut(t) ∈ C
([0, T0] : L2(Ω))∩ Cw([0, T0] : H10(Ω)),
utt(t) ∈ L2
(
0, T0 : L2(Ω)
)
.
Proof. By taking v = un(t) in (3.2), we have that
(
untt(t),u
n(t)
)= M(∥∥ϕ(t)∥∥2)∣∣un(t)∣∣22 + 12γ2 ddt
∥∥un(t)∥∥2 − (∣∣unt (t)∣∣punt (t),un(t))+ (∣∣un(t)∣∣qun(t),un(t)),
which implies that
d
dt
(
unt (s),u
n(s)
)+ ∥∥unt (s)∥∥2 + (∣∣unt (s)∣∣punt (s),un(s))− (∣∣un(s)∣∣qun(s),un(s))
= M(∥∥ϕ(s)∥∥2)∣∣un(s)∣∣22 + 12γ2 ddt
∥∥un(s)∥∥2.
By integrating the both side of the equation over [0, t],
1
2
γ2
(∥∥un(t)∥∥2 − ‖u0‖2)+
t∫
0
M
(∥∥ϕ(s)∥∥2)∣∣un(s)∣∣22 ds

∣∣unt (t)∣∣2∣∣un(t)∣∣2 + |u1|2|u0|2 +
t∫
0
∥∥unt (s)∥∥2 ds +
t∫
0
∫
Ω
∣∣unt (s)∣∣p+1∣∣un(s)∣∣dxds
+
t∫
0
∫
Ω
∣∣un(s)∣∣q+1∣∣un(s)∣∣dxds.
Therefore since by the Young inequality
∣∣unt (t)∣∣2∣∣un(t)∣∣2  1γ2
∣∣unt (t)∣∣22 + γ24
∣∣un(t)∣∣22,
we have that
1
2
εγ2
∥∥un(t)∥∥2 
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
εBα + ε 1
γ2
∣∣unt (t)∣∣22 + ε γ24
∣∣un(t)∣∣22 + ε
t∫
0
∥∥unt (s)∥∥2 ds
+ εc∗
t∫
0
∥∥unt (s)∥∥2(p+1) ds + ε
t∫
0
∣∣un(s)∣∣22 ds
+ εc∗
t∫
0
∣∣un(s)∣∣2(q+1)2 ds + ε
t∫
0
∣∣un(s)∣∣22 ds,
(3.3)
where ε > 0 is any ﬁxed positive real number and Bα := 1γ2‖u0‖2 + |u1|2|u0|2.2
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untt(t),−unt (t)
)= M(∥∥ϕ(t)∥∥2)(un(t),−unt (t))− γ2(unt (t),−unt (t))
− (∣∣unt (t)∣∣punt (t),−unt (t))+ (∣∣un(t)∣∣qun(t),−unt (t)),
which means that
1
2
d
dt
∥∥unt (t)∥∥2 + γ2∥∥unt (t)∥∥2 + (1+ p)
∫
Ω
∣∣unt (t)∣∣p∣∣∇unt (t)∣∣2 dx
−M(∥∥ϕ(t)∥∥2)(un(t),unt (t))+ (1+ q)
∫
Ω
∣∣un(t)∣∣q∣∣∇un(t)∣∣∣∣∇unt (t)∣∣dx.
Since it holds that
t∫
0
M
(∥∥ϕ(s)∥∥2)(un(s),unt (s))ds = 12
t∫
0
M
(∥∥ϕ(s)∥∥2) d
dt
∣∣un(s)∣∣22 ds
 1
2
[
M
(∥∥ϕ(s)∥∥2)∣∣un(s)∣∣22]t0 − 12
t∫
0
[
d+
ds
M
(∥∥ϕ(s)∥∥2)]∣∣un(s)∣∣22 ds,
d+
ds
M
(∥∥ϕ(s)∥∥2) 2(d+
dr
M(r)
)∥∥ϕ(s)∥∥∥∥ϕ′(s)∥∥ 2Lm1m2, s ∈ [0, T1],
where L = L(m1) is a local Lipschitz constant for M(r), we have that
1
2
∥∥unt (t)∥∥2 + γ2
t∫
0
∥∥unt (s)∥∥2 ds + 12m3
∣∣un(t)∣∣22

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
1
2
‖u1‖2 + 1
2
M
(‖u0‖2)|u0|22 + Lm1m2
t∫
0
∣∣un(s)∣∣22 ds
+ c
t∫
0
∣∣un(s)∣∣2(q+1)2 ds + γ28
t∫
0
∥∥unt (s)∥∥2 ds
(3.4)
for t ∈ [0, T ], where we used that
(1+ q)
∫
Ω
∣∣un(t)∣∣q∣∣∇un(t)∣∣∣∣∇unt (t)∣∣dx (1+ q)∣∣un(t)∣∣qqN ∣∣∇un(t)∣∣ 2NN−2
∣∣∇unt (t)∣∣2
 c
∣∣un(s)∣∣q+12 ∥∥unt (t)∥∥
 c
∣∣un(s)∣∣2(q+1)2 + γ28
∥∥unt (t)∥∥2,
which is proved by using the Poincaré inequality, the Sobolev inequality, the Gagliardo–Nirenberg inequality and the regu-
larity theory for elliptic equations. Here we choose an ε > 0 small enough in (3.3). Then by taking (3.3) and (3.4) we obtain
two constants c > 0 and Bγ > 0 such that
∥∥un(t)∥∥2 + ∣∣un(t)∣∣22 + ∥∥unt (t)∥∥2  Bγ + c
t∫
0
∥∥unt (s)∥∥2(p+1) ds + c
t∫
0
∥∥unt (s)∥∥2 ds
+ c
t∫
0
∣∣un(s)∣∣2(q+1)2 ds + c
t∫
0
∣∣un(s)∣∣22 ds,
where c and Bγ are independent of n. Thus, there exist B > 0, β > 0 and r > 0 such that
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t∫
0
[
1+ (∥∥un(s)∥∥2 + ∣∣un(s)∣∣22 + ∥∥unt (s)∥∥2)r+1]ds,
where we note that B and β are independent of n and dependent of m1,m2,m3 and r. Since r > 0, there exists an enough
small time T0 := T0(u0,u1,m1,m2,m3) ∈ (0, T1) satisfying
(B + βT0)−r − rβT0 > 0.
Thus, we have by the modiﬁed Gronwall lemma (Lemma 3)∥∥un(t)∥∥2 + ∣∣un(t)∣∣22 + ∥∥unt (t)∥∥2  {(B + βT0)−r − rβT0}− 1r .
Therefore, there exist constants ci = ci(u0,u1,m1,m2,m3) > 0 (i = 1,2,3,4) such that for any t ∈ [0, T0]∥∥un(t)∥∥2  c1, (3.5)∣∣un(t)∣∣22  c2, (3.6)
and ∥∥unt (t)∥∥2  c3. (3.7)
Furthermore, by (3.4) it follows that
t∫
0
∥∥unt (s)∥∥2 dsds c4. (3.8)
Next by taking v = untt(t) in (3.2)(
untt(t),u
n
tt(t)
)= M(∥∥ϕ(t)∥∥2)(un(t),untt(t))− γ2(unt (t),untt(t))− (∣∣unt (t)∣∣punt (t),untt(t))+ (∣∣un(t)∣∣qun(t),untt(t)).
Since ‖ϕ(t)‖m1 for t ∈ [0, T ],
M
(∥∥ϕ(t)∥∥2)(un(t),untt(t)) c∣∣un(t)∣∣22 + 18
∣∣untt(t)∣∣22.
Furthermore,
γ2
(
unt (t),u
n
tt(t)
)
 γ 22
∣∣unt (t)∣∣22 + 14
∣∣untt(t)∣∣22,(∣∣un(t)∣∣qun(t),untt(t)) c∣∣un(t)∣∣2(q+1)2(q+1) + 18
∣∣untt(t)∣∣22
 c
∣∣un(t)∣∣2(q+1)2 + 18
∣∣untt(t)∣∣22,(∣∣unt (t)∣∣punt (t),untt(t)) c∥∥unt (t)∥∥2(p+1) + 18
∣∣untt(t)∣∣22.
Thus, we have by using (3.6)–(3.7) that∣∣untt(s)∣∣22  c5 = c5(u0,u1,m1,m2,m3) for any t ∈ [0, T0]. (3.9)
Thus there exists a subsequence un(t) (we use the same symbol) such that
un(t)⇀ u(t) weakly-star in L∞
(
0, T0 : H10(Ω)∩ H2(Ω)
)
by (3.5) and (3.6),
unt (t)⇀ ut(t) weakly-star in L
∞(0, T0 : H10(Ω)) by (3.7),
untt(t)⇀ utt(t) weakly-star in L
∞(0, T0 : L2(Ω)) by (3.9).
Therefore by the Aubin–Lions compactness lemma
un(t) → u(t) strongly in L2(0, T0 : H10(Ω)),
unt (t) → ut(t) strongly in L2
(
0, T0 : L2(Ω)
)
.
For nonlinear terms, we have that{∣∣∣∣un(t)∣∣qun(t)− ∣∣u(t)∣∣qu(t)∣∣2
 cc
(∣∣un(t)∣∣q + ∣∣u(t)∣∣q)∥∥un(t)− u(t)∥∥ (3.10)∗ 2 2
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 cc∗
(∥∥unt (t)∥∥p + ∥∥ut(t)∥∥p)∣∣unt (t)− ut(t)∣∣2‖v‖. (3.11)
Therefore, letting n → ∞ in Eq. (3.2) and by the standard argument, we obtain that{
utt(t)− M
(∥∥ϕ(t)∥∥2)u(t)+ γ2ut(t)+ ∣∣ut(t)∣∣put(t)
= ∣∣u(t)∣∣qu(t) in L2(0, T0; H−1(Ω)). (3.12)
Finally we prove the uniqueness of the local solution. To this end let u(t) and v(t) be two local solutions to (3.1) with the
same initial value. Let w(t) = u(t)− v(t). Then w(0) = 0, wt(0) = 0, w(t)|∂Ω = 0 for all t ∈ [0, T0] and{
wtt(t)− M
(∥∥ϕ(t)∥∥2)w(t)+ γ2wt(t)+ ∣∣ut(t)∣∣put(t)− ∣∣vt(t)∣∣p vt(t)
= ∣∣u(t)∣∣qu(t)− ∣∣v(t)∣∣qv(t). (3.13)
Multiplying (3.13) by wt(t) and w(t), respectively, where  > 0 is a positive real number, we have two inequalities:
1
2
d
dt
∣∣wt(t)∣∣22 + 12 d
+
dt
(
M
(∥∥ϕ(t)∥∥2)∥∥w(t)∥∥2)

⎧⎪⎨
⎪⎩
1
2
(
d+
dt
M
(∥∥ϕ(t)∥∥2))∥∥w(t)∥∥2 − γ2∣∣wt(t)∣∣22
− (∣∣ut(t)∣∣put(t)− ∣∣vt(t)∣∣p vt(t),wt(t))+ (∣∣u(t)∣∣qu(t)− ∣∣v(t)∣∣qv(t),wt(t))
(3.14)
and

d
dt
(
wt(t),w(t)
)+ M(∥∥ϕ(t)∥∥2)∥∥w(t)∥∥2

⎧⎨
⎩
∣∣wt(t)∣∣22 +  12γ2 ddt
∣∣w(t)∣∣22 − (∣∣ut(t)∣∣put(t)− ∣∣vt(t)∣∣p vt(t),w(t))
+ (∣∣u(t)∣∣qu(t)− ∣∣v(t)∣∣qv(t),w(t)). (3.15)
By the Young inequality

(
wt(t),w(t)
)
− 
λ1γ2
∣∣wt(t)∣∣22 − γ24
∥∥w(t)∥∥2.
Take (3.14) and (3.15). Choose  small enough and integrate the both side of (3.14) and (3.15) over [0, t], t  T0. Since it
holds that(∣∣ut(t)∣∣put(t)− ∣∣vt(t)∣∣p vt(t),wt(t)) c∣∣wt(t)∣∣p+2p+2,
by simple calculations we have a constant c > 0 such that
∥∥w(t)∥∥2 + ∣∣wt(t)∣∣22  c
t∫
0
[∥∥w(s)∥∥2 + ∣∣wt(s)∣∣22]ds.
By the Gronwall lemma it follows that ‖w(t)‖2 = |wt(t)|22 = 0 for all t ∈ [0, T0]. Consequently this completes the proof of
the lemma. 
We are concerned with the existence and uniqueness of local solution in time to degenerate wave equation (1.1). So by
using Lemma 5 we prove the existence and uniqueness of local solution in time to (1.1) by the Banach ﬁxed point theorem
(see [13]).
Theorem 2. Assume that M(r) is a nonnegative locally Lipschitz function and assume that the following condition (A1) is satisﬁed:
0< p  2
N − 2 and 0< q
2
N − 4 if 5 N,
0< p  2
N − 2 and 0< q if 3 N  4,
0< p, 0< q if N = 2.
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and a unique local weak solution u(t) to (1.1) with the initial value (u0,u1) satisfying
u(t) ∈ C([0, T0] : H10(Ω))∩ Cw([0, T0] : H2(Ω)),
ut(t) ∈ C
([0, T0] : L2(Ω))∩ Cw([0, T0] : H10(Ω)),
utt(t) ∈ L2
(
0, T0 : L2(Ω)
)
.
Proof. Since M(‖u0‖2) > 0, we have a positive real number m3 such that 0<m3 < M(‖u0‖2). We may assume that m3 < 1.
Let R0 be a positive real number such that
R0 :=
√
2
m3
(‖u1‖2 + M(‖u0‖2)|u0|22).
Since M(‖u0‖2) > 0, for suﬃciently small time T > 0, we deﬁne the space BT (R0) by
BT (R0) :=
{
φ(t) ∈ C([0, T ] : D(A 12 ))∩ Cw([0, T ] : D(A)),
φ′(t) ∈ C([0, T ] : L2(Ω))∩ Cw([0, T ] : D(A 12 )),
φ′′(t) ∈ L2([0, T ] : L2(Ω)),
M
(∥∥φ(t)∥∥2)m3, ∥∥φ′(t)∥∥2 + ∣∣φ(t)∣∣22  R20 on [0, T ],
φ(0) = u0, φ′(0) = u1
}
.
We introduce the metric d on the space BT (R0) by
d(u, v) := sup
0tT
{∣∣ut(t)− vt(t)∣∣22 + ∥∥u(t)− v(t)∥∥2} for u, v ∈ BT (R0).
Then the space BT (R0) is the complete metric space. Let ϕ ∈ BT (R0). Then ‖ϕ(t)‖c∗R0, ‖ϕ′(t)‖ R0 and M(‖ϕ(t)‖2)m3
for all t ∈ [0, T ]. Thus thanks to Lemma 5 we obtain a unique local weak solution u(t) on [0, T1] with T1  T to the follow-
ing wave equation:{
utt(t)− M
(∥∥ϕ(t)∥∥2)u(t)+ γ2ut(t)+ ∣∣ut(t)∣∣put(t)
= ∣∣u(t)∣∣qu(t) in L2(0, T1; H−1(Ω)). (3.16)
Here let T = T1 without loss of generality. Deﬁne the mapping Φ by
Φ(ϕ) = u.
Then we have that
Φ(ϕ) = u ∈ BT (R0) for ϕ ∈ BT (R0), (3.17)
Φ : BT (R0) → BT (R0) is a contractive mapping. (3.18)
For showing (3.17), by multiplying (3.16) by −ut we have that
1
2
d+
dt
(‖ut‖2 + M(‖ϕ‖2)|u|22)+ γ2‖ut‖2 + (1+ p)
∫
Ω
|ut |p|∇ut |2 dx
 1
2
(
d+
dt
M
(∥∥ϕ(t)∥∥2))|u|22 + (1+ q)
∫
Ω
|u|q|∇u||∇ut |dx
= I1 + I2.
Let αϕ(u)(t) := ‖ut(t)‖2 + M(‖ϕ(t)‖2)|u(t)|22 for ϕ ∈ BT (R0). And so we have the estimates for I1 and I2 as follows:
I1  L‖ϕ‖‖ϕ′‖|u|22 
Lc∗R20
m3
αϕ(u)(t),
I2  c∗(1+ q)‖ut‖|u|q+1  c2αϕ(u)(t) 12 , c2 > 0,2
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d+
dt
αϕ(u)(t) 2c1αϕ(u)(t)+ 2c2αϕ(u)(t) 12 ,
where c1 = Lc∗R
2
0
m3
. By the Gronwall inequality and simple calculations we have that
αϕ(u)(t)
(
αϕ(u)(0) + 2c2T2
)
exp
(
(2c1 + 2c2)T2
)
<m3R
2
0, 0 t  T2,
for suﬃciently small 0< T2  T1. Thus
m3R
2
0 >
∥∥ut(t)∥∥2 + M(∥∥ϕ(t)∥∥2)∣∣u(t)∣∣22
>
∥∥ut(t)∥∥2 +m3∣∣u(t)∣∣22.
We have that
R20 >
∥∥ut(t)∥∥2 + ∣∣u(t)∣∣22, 0 t  T2.
Let T = T2 be rewritten. Thus (3.17) is satisﬁed. Next we show (3.18). Let g(v) = |vt |p vt − |v|qv and w = u1 − u2, where
u1 = Φ(ϕ1), u2 = Φ(ϕ2) with ϕ1,ϕ2 ∈ BT (R0). Then we have that{
wtt − M
(∥∥ϕ1(t)∥∥2)w + γ2wt
= {M(∥∥ϕ1(t)∥∥2)− M(∥∥ϕ2(t)∥∥2)}u2 − g(u1)+ g(u2). (3.19)
Set
βϕ1(w)(t) :=
∣∣wt(t)∣∣22 + M(∥∥ϕ1(t)∥∥2)∥∥w(t)∥∥2.
Since 0<m3 < 1, we have that
βϕ1(w)(t)m3
(∣∣wt(t)∣∣22 + ∥∥w(t)∥∥2).
By multiplying wt to (3.19) we have that
1
2
d+
dt
(∣∣wt(t)∣∣22 + M(∥∥ϕ1(t)∥∥2)∥∥w(t)∥∥2)+ γ2|wt |22 + (∣∣u1t(t)∣∣pu1t(t)− ∣∣u2t(t)∣∣pu2t(t),wt)
 1
2
(
d+
dt
M
(∥∥ϕ1(t)∥∥2)
)
‖w‖2 + {M(∥∥ϕ1(t)∥∥2)− M(∥∥ϕ2(t)∥∥2)}(u2,wt)+ (∣∣u1(t)∣∣qu1(t)− ∣∣u2(t)∣∣qu2(t),wt).
Thus
1
2
d+
dt
(∣∣wt(t)∣∣22 + M(∥∥ϕ1(t)∥∥2)∥∥w(t)∥∥2)+ γ2|wt |22
 1
2
(
d+
dt
M
(∥∥ϕ1(t)∥∥2)
)
‖w‖2 + {M(∥∥ϕ1(t)∥∥2)− M(∥∥ϕ2(t)∥∥2)}(u2,wt)+ (∣∣u1(t)∣∣qu1(t)− ∣∣u2(t)∣∣qu2(t),wt)
= I3 + I4 + I5,
where we used that
c|wt |p+2p+2 
(∣∣u1t(t)∣∣pu1t(t)− ∣∣u2t(t)∣∣pu2t(t),wt).
Then
|I3|  L
∥∥ϕ1(t)∥∥∥∥ϕ′1(t)∥∥∥∥w(t)∥∥2

Lc∗R20
m3
βϕ1(w)(t)
:= ξ3βϕ1(w)(t)
and
|I4|  2 1√
m3
Lc∗R20d(ϕ1,ϕ2)
1
2 βϕ1(w)
1
2
:= ξ4d(ϕ1,ϕ2) 12 βϕ1(w)(t)
1
2 .
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by (3.6) and (3.7)
|I5| 
∣∣(|u1|qu1 − |u2|qu2,wt)∣∣
 cc∗
(|u1|q2 + |u2|q2)‖w‖|wt |2
 2cc∗
√
cq2‖w‖|wt |2
 cc∗
√
cq2
m3
βϕ1(w)(t)
:= ξ5βϕ1(w)(t),
where c2 = c2(u0,u1, R0, c∗,m3) and c3 = c3(u0,u1, R0, c∗,m3), it follows that
d+
dt
βϕ1(w)(t) (ξ3 + ξ5)βϕ1(w)(t)+ ξ4d(ϕ1,ϕ2)
1
2 βϕ1(w)(t)
1
2 .
Since βϕ1 (w)(0) = 0, by the Gronwall lemma we have that
d(u1,u2)
1
m3
{(
ξ24d(ϕ1,ϕ2)T
)
exp
(
(1+ ξ3 + ξ5)T
)}
.
Choose a 0< T3  T small enough which satisﬁes that
1
m3
(
ξ24 T3 exp
(
(1+ ξ3 + ξ5)T3
))
< 1.
Thus by the Banach contraction mapping theorem there exists a ﬁxed point u = Φ(u) ∈ BT3 (R0), which is a unique local
weak solution in time to (3.1). This completes the proof of the theorem. 
4. Asymptotic behaviour of solutions
In this section we consider the asymptotic behaviour of solutions to (1.1). In this section we assume that
M(s) := αsγ , s 0, α > 0, γ  0. (4.1)
First we collect the notations to prove the theorem
Jγ
(
u(t)
) := α
2(γ + 1)
∥∥u(t)∥∥2(γ+1) − 1
q + 2
∣∣u(t)∣∣q+2q+2,
E(t) := E(u(t),ut(t))= 1
2
∣∣ut(t)∣∣22 + Jγ (u(t)),
Iγ
(
u(t)
) := α∥∥u(t)∥∥2(γ+1) − ∣∣u(t)∣∣q+2q+2,
Hγ :=
{
w ∈ H10(Ω)∩ H2(Ω): Iγ (w) > 0
}∪ 0.
Then we have that
E ′(t) = −γ2
∣∣ut(t)∣∣22 − ∣∣ut(t)∣∣p+2p+2.
Then we have the following theorem on the asymptotic behaviour of the solutions of the degenerate wave equation of
Kirchhoff type.
Theorem 3. Assume that (4.1), (u0,u1) ∈ (H10(Ω) ∩ H2(Ω)) × H10(Ω) with Hγ  u0 = 0 and
q > 2γ , p  2γ , 0 γ  1
N − 2 , (4.2)
0< p  2
N − 2 (4.3)
are satisﬁed and furthermore an initial value (u0,u1) with u0 = 0 is suﬃciently small, that is,
α >
2(γ + 1)(q + 1)
cq+2∗ ξ
q−2γ
2(γ+1) (4.4)(2γ + 1)(q + 2)
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ξ = 2(γ + 1)(q + 2)
α(q − 2γ ) E(u0,u1).
If the following conditions are satisﬁed:
0< q 2
N − 4 if N  6 and 0< q
4
N − 2 if 2 N  5, (4.5)
then the energy E(t) of the solution u(t) to (1.1) converges to zero exponentially.
Proof. By Theorem 2 there exists the unique local solution u(t) in time to (1.1) with the initial value (u0,u1). Set
F (t) := E(t)+ ε
{(
u(t),ut(t)
)+ 1
2
γ2
∣∣u(t)∣∣22
}
,
where ε > 0 is a positive real number. Then by the Young inequality
F ′(t) = −γ2
∣∣ut(t)∣∣22 − ∣∣ut(t)∣∣p+2p+2 + ε(∣∣ut(t)∣∣22 − α∥∥u(t)∥∥2(γ+1))+ ε(∣∣u(t)∣∣q+2q+2 − (∣∣ut(t)∣∣put(t),u(t)))
−∣∣ut(t)∣∣p+2p+2 − (γ2 − ε)∣∣ut(t)∣∣22 − εα∥∥u(t)∥∥2(γ+1) + ε{δ∣∣u(t)∣∣p+2p+2 + c(δ)∣∣ut(t)∣∣p+2p+2}+ ε∣∣u(t)∣∣q+2q+2, δ > 0.
Since Iγ (u0) > 0, it follows that
Jγ
(
u(t)
)= α( 1
2(γ + 1) −
1
q + 2
)∥∥u(t)∥∥2(γ+1) + 1
q + 2 Iγ
(
u(t)
)
 α(q − 2γ )
2(γ + 1)(q + 2)
∥∥u(t)∥∥2(γ+1),
as long as Iγ (u(t)) 0. Thus it follows that
∥∥u(t)∥∥2(γ+1)  2(γ + 1)(q + 2)
α(q − 2γ ) Jγ
(
u(t)
)
 2(γ + 1)(q + 2)
α(q − 2γ ) E(t)
 2(γ + 1)(q + 2)
α(q − 2γ ) E(u0,u1).
And so from (4.5) and the Poincaré inequality we have that∣∣u(t)∣∣q+2q+2  cq+2∗ ∥∥u(t)∥∥q+2
 cq+2∗ ξ
q−2γ
2(γ+1)
∥∥u(t)∥∥2(γ+1)
< α
∥∥u(t)∥∥2(γ+1),
which means that Iγ (u(t)) > 0 for t  0. Furthermore∣∣u(t)∣∣p+2p+2  cp+2∗ ∥∥u(t)∥∥p+2
 cp+2∗ ξ
p−2γ
2(γ+1)
∥∥u(t)∥∥2(γ+1).
Thus
F ′(t)−εE(t)− ∣∣ut(t)∣∣p+2p+2 −
(
γ2 − 3
2
ε
)∣∣ut(t)∣∣22 − εα(2γ + 1)2(γ + 1)
∥∥u(t)∥∥2(γ+1)
+ ε{δ∣∣u(t)∣∣p+2p+2 + c(δ)∣∣ut(t)∣∣p+2p+2}+ ε(q + 1)q + 2
∣∣u(t)∣∣q+2q+2, δ > 0.
By choosing a suﬃciently small ε > 0,
F ′(t)−εE(t)− εα(2γ + 1)
2(γ + 1)
∥∥u(t)∥∥2(γ+1) + εδ∣∣u(t)∣∣p+2p+2 + ε(q + 1)q + 2
∣∣u(t)∣∣q+2q+2.
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F ′(t)−εE(t)− ε
(
α
2γ + 1
2(γ + 1) − δc
p+2∗ ξ
p−2γ
2(γ+1) − q + 1
q + 2c
q+2∗ ξ
q−2γ
2(γ+1)
)∥∥u(t)∥∥2(γ+1).
Hence, from (4.4)
α
2γ + 1
2(γ + 1) >
q + 1
q + 2c
q+2∗ ξ
q−2γ
2(γ+1) .
Thus, by choosing a suﬃciently small δ > 0, we obtain that
F ′(t)−εE(t).
On the other hand there exists a positive real number α2 > 0 such that
E(t) α2F (t).
Thus we have that
E(t) α2F (0)e−εα2t, t  0,
which completes the proof of the theorem. 
5. Existence of a global solution
In this section we discuss the existence of a global solution to (1.1). We have the following theorem by the same method
as in the proof of Theorem 1 [6].
Theorem 4. Assume that all the conditions of Theorem 2 and (4.1) are satisﬁed. If
p  q,
then there exists a unique global solution u(t) to (1.1) such that
u(t) ∈ C([0, T ) : H10(Ω)∩ H2(Ω)),
ut(t) ∈ C
([0, T ) : H10(Ω)),
utt(t) ∈ L2
(
0, T : L2(Ω))
for any ﬁxed time T > 0.
Proof. Set
G(t) := 1
2
∣∣ut(t)∣∣22 + α2(γ + 1)
∥∥u(t)∥∥2(γ+1) + 1
q + 2
∣∣u(t)∣∣q+2q+2.
Then we have that if p > q, then by taking ε > 0 suﬃciently small there exists a c > 0 such that
G ′(t) = −γ2
∣∣ut(t)∣∣22 − ∣∣ut(t)∣∣p+2p+2 + 2
∫
Ω
∣∣u(t)∣∣qu(t)ut(t)dx
−∣∣ut(t)∣∣p+2p+2 + 2ε∣∣ut(t)∣∣q+2q+2 + 2c(ε)∣∣u(t)∣∣q+2q+2
 2c(ε)
∣∣u(t)∣∣q+2q+2 + c
 cG(t)+ c.
If p = q, then it is trivial that
G ′(t) cG(t)+ c.
Thus it follows by the Gronwall lemma that
G(t)
(
G(0)+ cT )exp(cT ).
By the continuation principle the proof of the theorem is complete. 
Remark. For the blowing up of solutions to wave equations with nonlinearities see the references [1–5,14].
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